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Abstract: High-permittivity dielectric particles with resonant magnetic
properties are being explored as constitutive elements of new metamaterials
and devices in the microwave regime. Magnetic properties of low-loss
dielectric nanoparticles in the visible or infrared are not expected due to
intrinsic low refractive index of optical materials in these regimes. Here we
analyze the dipolar electric and magnetic response of loss-less dielectric
spheres made of moderate permittivity materials. For low material refractive
index (. 3) there are no sharp resonances due to strong overlapping between
different multipole contributions. However, we find that Silicon particles
with refractive index∼ 3.5 and radius∼ 200nm present a dipolar and strong
magnetic resonant response in telecom and near-infrared frequencies, (i.e.
at wavelengths ≈ 1.2− 2µm). Moreover, the light scattered by these Si
particles can be perfectly described by dipolar electric and magnetic fields,
quadrupolar and higher order contributions being negligible.
© 2018 Optical Society of America
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1. Introduction
Electromagnetic scattering from nanometer-scale objects has long been a topic of great interest
and relevance to fields from astrophysics or meteorology to biophysics and material science
[1, 2, 3, 4, 5, 6]. During the last decade nano-optics has developed itself as a very active field
within the nanotechnology community. Much of it has to do with plasmon (propagating) based
subwavelength optics and applications [7], the synthesis of negative-index optical metamateri-
Fig. 1. Incident field vector
als [8, 9, 10] or the design of optical antennas [11, 12, 13].
Magnetic effects, a key ingredient of relevant microwave applications, cannot be easily ex-
ploited in the optical range (visible or infrared) due to intrinsic natural limitations of optical
materials. The quest for magnetic plasmons and magnetic resonant structures at optical fre-
quencies [14] has been mainly focused on metallic structures with the unavoidable problems of
losses and saturation effects inherent to metals in the optical range. Moreover, their size is often
required to be comparable to, or a fraction of, the operating wavelength in order to provide a
non-negligible response, and their magnetic response is strongly affected and influenced by an
intrinsic quadrupolar contribution, which introduces additional radiation losses and impurity of
radiation and polarization [15].
As an alternative approach, there is a growing interest in the theoretical and experimen-
tal study of high-permittivity dielectric objects as constitutive elements of new metamaterials
[16, 17, 18, 19, 20, 21] and antennas based on dielectric resonators [22, 23, 24]. Interesting
magnetodielectric properties are usually associated to low loss and large dielectric constants
which, being accessible at microwave and terahertz frequencies, are still a challenging issue in
the infrared (IR) and visible frequency ranges [25]. However, it has recently been shown [21]
that silicon rod arrays could exhibit a true metamaterial left handed dispersion branch in the
visible to mid-IR despite the moderate value of the refractive index (m∼ 3.5).
Motivated by these results, we have analyzed in detail the magnetodielectric properties of
loss-less dielectric spheres made of moderate permittivity materials in the infrared regime. Al-
though the analysis of scattering resonances of homogeneous spheres have been analyzed in
the past [1, 2, 3], we concentrate here on the relevance of the first magnetic dipolar resonance
in non-absorbing dielectric nano-spheres (e.g. silicon spheres in the mid-IR). As we will see,
submicron Silicon spheres (with radius a ≈ 200nm) can present a strong magnetic resonance
response at telecom and infrared frequencies, (namely, wavelengths λ ≈ 2na≈ 1.5µm). More-
over, based on standard Mie theory [1], we have found that the scattering of these Si nanoparti-
cles can be perfectly described by dipolar electric and magnetic fields; quadrupolar and higher
order contributions being negligible. Interestingly, the magnetic resonance line remains well
defined and resolved even for lower index materials, as Rutile-like TiO2 with an average index
m≈ 2.8 in the near-IR, even though in this latter case the electric dipole resonance line strongly
overlaps with the magnetic dipole one, as well as with those of higher order multipoles.
2. Extinction resonances of a dielectric sphere. The Mie theory revisited
Consider a non-absorbing dielectric sphere of radius a, index of refraction mp and dielectric
permittivity εp = m2p in an otherwise uniform medium with real relative permittivity εh and re-
fractive index mh =
√
εh. The magnetic permittivity of the sphere and the surrounding medium
is assumed to be 1. Under plane wave illumination, and assuming linearly polarized light, the
incident wave is described by
E = E0uZeikX e−iωt , B = B0uY eikX e−iωt (1)
where k=mhω/c=mh2pi/λ , λ being the wavelength in vacuum and B0 = µ0H0 =−(mh/c)E0
(see Fig. 1). The field scattered by the sphere can be decomposed into a multipole series, (the
so-called Mie’s expansion), characterized by the electric and magnetic Mie coefficients {an}
and {bn}, respectively; (a1 and b1 being proportional to the electric and magnetic dipoles, a2
and b2 to the quadrupoles, and so on). We shall find useful to write the Mie coefficients in terms
of the scattering phase-shifts αn and βn [1]
an =
1
2
(
1− e−2iαn)= isinαne−iαn (2)
bn =
1
2
(
1− e−2iβn
)
= isinβne−iβn (3)
where
tanαn =
m2 jn(y) [x jn(x)]
′− jn(x) [y jn(y)]′
m2 jn(y) [xyn(x)]
′− yn(x) [y jn(y)]′
, (4)
tanβn =
jn(y) [x jn(x)]
′− jn(x) [y jn(y)]′
jn(y) [xyn(x)]
′− yn(x) [y jn(y)]′
, (5)
m = mp/mh being the relative refractive index, x = ka the size parameter and y = mx. jn(x)
and yn(x) stands for the spherical Bessel and Neumann functions, respectively, and the primes
indicate differentiation with respect to the argument. In absence of absorption, i.e. for real m,
the phase angles αn and βn are real, then the extinction and scattering cross sections, σext and
σS, respectively, have the common value [1]
σS = σext =
2pi
k2
∞
∑
n=1
(2n+1)
{
sin2αn+ sin2βn
}
=
∞
∑
n=1
{σE,n+σM,n} (6)
In the small particle limit (x 1) and large particle permittivities (m 1) the extinction
cross section presents characteristic sharp resonance peaks. The values of y = mx at which
the angles αn or βn are pi/2,3pi/2, . . . ,etc, define the resonance points. At each resonance, the
extinction cross section is of the order of λ 2 and it is independent of either the particle size or
the refractive index [1]
σ resS = σ
res
ext |{x1 ; m1} ≈
2pi
k2
(2n+1) (7)
Asymptotically, the first resonance peak occurs at y = pi (i.e. λ = m2a) corresponding to the
magnetic dipole term of coefficient b1.
Interesting consequences and applications of well defined Mie resonance lines, associated
to low loss and large dielectric constants, are accessible for different materials at microwave
and terahertz frequencies. However, as m decreases there is an increasing overlap between the
wavelength dependent cross-section peaks, and the sphere resonant response smears out. Since
usually non-absorbing materials present low refractive index in the infrared (IR) and visible
frequency ranges, Mie resonances of small particles in these regimes have not been considered
in detail. However, the above analysis on the cross-section, carried out for Si nanoparticles
xm
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Fig. 2. Scattering cross section map of a non-absorbing Mie sphere as a function of the
refractive index m and the size parameter x = 2pia/λ . Green areas correspond to parameter
ranges where the magnetic dipole contribution dominates the total scattering cross section,
while red areas represent regions where the electric dipole contribution is dominating. The
remaining blue-saturated areas are dominated by higher order multipoles. Brightness in the
color-map is proportional to the total cross section. White horizontal lines represent the
x-range covered by figures 3 (m = 3.5) and 5 (m = 2.8).
in the IR, indicate that the aforementioned asymptotic behavior can be extended to a relative
refractive index as low as m≈ 3.
In Fig. 2 we show the scattering cross section map of a non-absorbing Mie sphere as a
function of the refractive index m and the size parameter x = 2pia/λ . Brightness in the color-
map is proportional to σext while color code represents the contribution of electric and mag-
netic dipoles to the total cross section. The RGB (Red, Green, Blue) code is formed by taking
RGB = σE,1R+σM,1G+σresB with σres ≡
√
σ2ext−σ2E,1−σM,1. The whole map is normal-
ized to avoid over-saturation. Hence, green areas correspond to parameter ranges where the
magnetic dipole contribution dominates the total scattering cross section, while red areas repre-
sent regions where the electric dipole contribution is dominating. The remaining blue-saturated
areas are dominated by higher order multipoles.
In the micrometer wavelength regime, within the transparent region of silicon (λ & 1100
nm), the index of refraction can well be approximated by a real constant mp ≈
√
12 ∼ 3.5
(see for example [26]). The scattering (or extinction) cross section of a Si sphere of radius
a = 230nm in vacuum (mh = 1) is plotted in Fig. 3. Although there is a partial overlap between
the first dipolar peaks, the magnetic line of the first resonant peak (at λ ≈ 2ma) is still very well
resolved. Interestingly, for wavelengths larger than λ ≈ 1200nm, the cross section is completely
determined by the first b1 and a1 coefficients. In other words, in this regime Si particles can be
treated as non-Rayleigh dipolar particles.
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Fig. 3. Scattering cross-section σS versus the wavelength λ for a 230nm Si sphere (the
refraction index m = 3.5 is constant and real in this wavelength range). The contribution of
each term in the Mie expansion is also shown. The green line corresponds to the magnetic
dipole contribution.
3. Magnetic and electric resonances of dipolar particles
Let us consider further in some detail the scattering properties of small dielectric particles
(x 1). In the x 1 limit, the sphere is sufficiently small so that only the dipole scattered
fields are excited. The induced dipole moments, proportional to to the external (polarizing)
fields, E and B, are usually written in terms of the particle electric and magnetic polarizabilities
αE and αM , respectively :
p = ε0εhαEE , m = ε0εhαMB; (8)
where
αE = i
(
k3
6pi
)−1
a1 , αM = i
(
k3
6pi
)−1
b1. (9)
By using the definition of the phase angles α1 and β1, [cf. Eqs. (2) - (5)], we can rewrite the
polarizabilities as
αE =
α(0)E
1− i k36piα
(0)
E
, αM =
α(0)M
1− i k36piα
(0)
M
, (10)
where
α(0)E =−
6pi
k3
tanα1 , α
(0)
M =−
6pi
k3
tanβ1 (11)
Fig. 4. Maps for the square modulus of the total electric an magnetic vectors, emitted by
the Si nanoparticle of radius a = 230nm under plane wave illumination, (cf. Fig. 1). The
left and right panels correspond to the wavelengths 1250nm and 1680nm of the electric
and magnetic resonance peaks of Fig. 3, respectively. The corresponding far field radiation
patterns are shown in the bottom.
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Fig. 5. Scattering cross-section σS versus the wavelength λ for a sphere of radius a =
150nm (its relative refractive index is m =
√
8 = 2.82, constant and real in this wavelength
range). The contribution of each coefficient in the Mie expansion is also shown. The green
line corresponds to the magnetic dipole contribution.
are the quasi-static polarizabilities. In terms of these magnitudes, the extinction and scattering
cross sections then read
σext = kIm{αE +αM} (12)
σS =
k4
6pi
{
|αE |2+ |αM|2
}
(13)
Of course, in absence of absorption, α(0)E and α
(0)
M are real quantities and we recover the well
known optical theorem result σext = σS.
In particular, in the Rayleigh limit, when y ≡ 2pima/λ  1, α(0)E and α(0)M approach the
electrostatic form,
α(0)E
∣∣∣
y1
≈ 4pia3 m
2−1
m2+2
, α(0)M
∣∣∣
y1
≈ 4pia3(m2−1)k
2a2
30
(14)
From Eq. (14), together with Eq. (10), we recover the well known expression for the polariz-
ability of a Rayleigh particle including radiative corrections [6, 27]. Notice that in this limit
the magnetic polarizability is negligible. Very small particles always behave as point electric
dipoles.
However, as y increases, (i.e. as λ decreases), there is a crossover from electric to magnetic
behavior as shown by Fig. 3 for a Si particle. The y values at which the quasi-static polariz-
ability α(0)E ( α
(0)
M ) diverges define the electric (magnetic) dipolar resonances. Near the first
b1-resonance, the particle essentially behaves like a magnetic dipole(cf. Fig. 2). If λ decreases
further, a1 peak dominates and the sphere becomes again an electric dipole. Notice however
that, due to the overlap between the electric and magnetic responses, the radiation field near the
resonances does not correspond to a fully pure electric or a fully pure magnetic dipolar exci-
tation. Yet, as seen in Fig.2 for the aforementioned Si sphere, the magnetic dipole contribution
is, at its peak, about five times larger than the electric dipole one.
As a further example, we have plotted in Fig. 4 both the near field intensity maps and far
field radiation patterns at the resonant peaks of a1 and b1, (cf. Fig. 3), numerically calculated
from the full Mie solution (and not only from the dipolar approximation). The slightly distorted
patterns with respect to the single dipole case are completely explained in terms of the sum of
these two mutually coherent electric and magnetic dipoles.
Silicon nanoparticles with radius of the order of 200-250nm are then fully characterized by
electric and magnetic polarizabilities as given by Eqs. 10 in the mid and near-IR region. By
tuning the appropriate resonance wavelength, Si particles exhibit a strong magnetic response,
(only slightly perturbed by their electric dipole counterpart).
It should be remarked that if the relative refractive index is smaller, the overlap between the
Mie resonance lines increases and then, a particular one single Mie term magnetic response is
not well defined. As an example, in Fig. 5 we represent the scattering cross section of a 150nm
radius particle with m=
√
8≈ 2.8 (which would be of the order of the averaged refractive index
of TiO2 (rutile) in the near IR [26]). As seen in this figure, although beyond 700nm the scatte-
ring is still described by the sum of the electric and magnetic dipoles, the peak corresponding
to the electric dipole, a1, now disappears, and the overlapping between lines that produces this,
manifests a significant contribution of this electric dipole at the magnetic resonance wavelength.
4. Conclusion
We have analyzed the dipolar electric and magnetic response of lossless dielectric spheres made
of both low and moderate permittivity materials. Based on the Mie expansion, we have derived
general expressions for the electric and magnetic polarizabilities of dielectric spheres. We found
that submicron Silicon particles present a strong magnetic resonant response in the mid-near
infrared. Interestingly, the light scattered by these Si nanoparticles of appropriate size is per-
fectly described by dipolar electric and magnetic fields, being quadrupolar and higher order
contributions negligible. These results can play an important role, not only in the field of meta-
materials or optical antennas, but also in tailoring the light transport through complex dielectric
media like photonic glasses [28, 29] with intriguing magnetic properties. Fabrication of new
materials made of highly monodisperse subwavelength silicon spheres [30] may then lead to
a new generation of magnetodielectric optical materials. At the magnetic or electric resonance
wavelengths the extinction cross section is of the order of λ 2 reaching its maximum theoretical
limit (independent of the particle size or refractive index) [1] ( see also [24] ). The large dipolar
cross-section of magnetodielectric spheres near a magnetic resonance would also imply strong
radiation pressure magnetic forces [31, 32, 33] leading to new concepts related to the optical
forces on magnetic particles .
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